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Abstract
We consider small black holes in AdS5×S5, smeared on S5. We compute the spectrum
of ℓ ∈ [1, 10] S5-quasinormal modes corresponding to fluctuations leading to local-
ization of these black holes on S5. We recover the zero mode found by Hubeny and
Rangamani (HR) previously [8], and explicitly demonstrate that a Gregory-Laflamme
type instability is at play in this system. The instability is associated with the expec-
tation value of a dimension-5 operator.
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1 Introduction
Small black holes in type IIb supergravity in asymptotically global AdS5×S5 geometry
are important in the holographic correspondence [1,2] between string theory and gauge
theories in four space-times dimensions (see [3] for a recent discussion). The simplest
black holes have SO(6) symmetry1 and are described by the following line element2
ds210 = −fdt2 +
dr2
f
+ r2(dΩ3)
2 + L2(dΩ5)
2 , f = 1 +
r2
L2
− r
2
+
r2
(
r2+
L2
+ 1
)
, (1.1)
where L is the radius of the S5 with the round metric (dΩ5)
2, (dΩ3)
2 is the round metric
on the S3 and r+ denotes the location of the regular Schwarzschild horizon. It was
proposed in [5,6] that as the black hole becomes sufficiently small, in the limit r+
L
→ 0,
it would suffer a Gregory-Laflamme (GL) instability [7], resulting in its localization
on S5. The first analysis of the GL instability in this context was performed in [8]
(HR) where the authors identified, in particular, an ℓ = 1 zero mode of S5 which
was assumed to be the GL mode at the threshold of instability. This HR zero mode
becomes normalizable when3 [8]
r+
L
≃ 0.4259 . (1.2)
1See [4] for interesting generalizations.
2There is also a nontrivial 5-form flux.
3A more precise value was computed in [4]. Our computation (3.7) agrees with the one reported
in [4] to an accuracy of ∼ 7× 10−6.
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We here revisit the analysis of [8] and compute the spectrum of the ℓ = 1 quasinor-
mal modes about SO(6) symmetric black holes in AdS5×S5. We explicitly exhibit the
GL instability, and determine its onset. We find that the instability arises as foreseen
in [5, 6], and appears precisely when the HR zero mode becomes normalizable.
In section 2 we set up our notation, and discuss the SO(4) × SO(5) symmetric
backgrounds in type IIb SUGRA. In particular, in section 2.2 we present the equations
of motion describing ℓ = 1 quasinormal modes of SO(6) symmetric black holes. In
section 3 we reproduce the HR zero mode. In section 4 we compute the spectrum
of ℓ = 1 quasinormal modes, which are associated with the expectation value of a
dimension-5 operator of a boundary SYM. In section 5 we compute the spectrum of
higher-ℓ quasinormal modes and demonstrate that they become unstable for smaller
values of r+
L
than (1.2). We conclude in section 6.
2 SO(4)× SO(5) symmetric ansatz in type IIb SUGRA
The type IIb supergravity equations of motion, where only the metric gµν and the
Ramond-Ramond five-form F(5) are turned on, take the form:
Gµν ≡ Rµν − 1
48
F(5)µαβγδF
αβγδ
(5)ν = 0 , dF(5) = 0 , F(5) = ⋆F(5) . (2.1)
We are particularly interested in the most general ansatz describing solutions with
SO(4)×SO(5) isometry. To obtain an explicit expression for the equations determining
such solutions we first fix the reparametrization invariance such that
gtx = gtθ = gxθ = 0 . (2.2)
We can thus write the line element as,
ds210 = −c21 (dt)2 + c22 (dx)2 + c23 (dΩ3)2 + c24 (dθ)2 + c25 (dΩ4)2 ,
F(5) = (a0 dθ + a1 dt+ a2 dx) ∧ dΩ4 + (a3 dθ ∧ dt+ a4 dθ ∧ dx+ a5 dt ∧ dx) ∧ dΩ3 ,
ci = ci(t, x, θ) , ai = ai(t, x, θ) ,
(2.3)
where dΩ3 is a volume form on a unit radius S
3 and dΩ4 is a volume form on a unit
radius S4. Next we can eliminate {a0, a1, a2} by imposing 5-form duality,
a0 =− c4c
4
5 sin
4 θ
c1c2c
3
3
a5 , a1 = −c1c
4
5 sin
4 θ
c2c4c
3
3
a4 , a2 = −c2c
4
5 sin
4 θ
c1c4c
3
3
a3 . (2.4)
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The resulting equations constitute a system of partial differential equations resulting
from the eight non-trivial Einstein equations (the particular expressions are rather
involved and we will not present their explicit form at this point):
Gtt = Gxx = GΩ3Ω3 = Gθθ = GΩ4Ω4 = 0 , Gtx = Gtθ = Gxθ = 0 , (2.5)
together with the five-form Maxwell equations:
0 =∂θa3 − c
2
4
c22
∂xa5 + 4 cot(θ)a3 +
c24a5
c22
∂x ln
c1c2c
3
3
c4c
4
5
− a3∂θ ln c1c4c
3
3
c2c
4
5
,
0 =∂θa4 − c
2
4
c21
∂ta5 + 4 cot(θ)a4 +
c24a5
c22
∂t ln
c1c2c
3
3
c4c
4
5
− a4∂θ ln c2c4c
3
3
c1c
4
5
,
0 =∂ta3 − c
2
1
c22
∂xa4 − a3∂t ln c1c4c
3
3
c2c
4
5
− c
2
1a4
c22
∂θ ln
c1c
4
5
c2c
3
3c4
,
0 =∂θa5 − ∂ta4 + ∂xa3 .
(2.6)
2.1 SO(6) symmetric black holes
The static black hole solution of (2.5) and (2.6) with SO(6) symmetry takes the form:
a3 = a4 = 0 , a5 =
L4 sin3 x
cos5 x
,
c1 =
L
√
a(x)
cos x
, c2 =
L√
a(x) cosx
, c3 = L tan x , c4 = c5 = L ,
a(x) = 1− µ cos
4 x
sin2 x
, µ =
r2+
L2
(
r2+
L2
+ 1
)
, x ∈
[
0,
π
2
]
,
(2.7)
where L is the S5 radius, and r+ is the “black hole size” as measured by the S
3 radius
at the Schwarzschild horizon.
2.2 SO(5) invariant linearized fluctuations
Now we consider ℓ = 1 fluctuations on S5 about (2.7). To this end we assume, to linear
order in ǫ:
a3 = −ǫL4A3(x) sin θe−iωt , a4 = −iǫL4A4(x) sin θe−iωt ,
a5 =
L4 sin3 x
cos5 x
(
1 + ǫA5(x) cos θe
−iωt
)
, c1 =
L
√
a(x)
cosx
(
1 + ǫf1(x) cos θe
−iωt
)
,
c2 =
L√
a(x) cosx
(
1 + ǫf2(x) cos θe
−iωt
)
, c3 = L tanx
(
1 + ǫf3(x) cos θe
−iωt
)
,
c4 = L
(
1 + ǫf4(x) cos θe
−iωt
)
, c5 = L
(
1 + ǫf5(x) cos θe
−iωt
)
.
(2.8)
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It is easy to see that the five-form flux thorough the S5 is unchanged to O(ǫ).
Next, substituting (2.8) into (2.5) and (2.6) we find at O(ǫ):
from Gtt = 0,
0 = f ′′1 +
8 tan2 xA5
(µ cos4 x− sin2 x) +
ω2 sin4 x(4f5 + f2 + f4 + 3f3)
(µ cos4 x− sin2 x)2 −
3 tan2 x(f1 + 8f3)
µ cos4 x− sin2 x
− tan x(2µ cos
4 x− cos2 x+ 4)f ′1
µ cos4 x− sin2 x +
(µ cos4 x+ sin4 x)(f ′2 − 3f ′3 − f ′4 − 4f ′5)
cosx(µ cos4 x− sin2 x) sin x ,
(2.9)
from Gxx = 0,
0 = f ′′1 + 4f
′′
5 + f
′′
4 + 3f
′′
3 +
8 tan2 xA5
µ cos4 x− sin2 x +
f2ω
2 sin4 x
(µ cos4 x− sin2 x)2
+
1
sin x cosx(µ cos4 x− sin2 x)
(
(cos4 x(−5 + 2 cos2 x)µ− sin4 x)f ′1
+ (sin2 x(− cos2 x+ 4)− 2µ cos4 x)f ′2 + (3 cos4 x(2 cos2 x− 1)µ
− 3 sin2 x(cos2 x+ 1))f ′3 + (cos4 x(2 cos2 x− 3)µ+ sin4 x)f ′4 + (4 cos4 x(2 cos2 x− 3)µ
+ 4 sin4 x)f ′5) +
tan2 x(5f2 − 8f1 − 24f3)
µ cos4 x− sin2 x ,
(2.10)
from GΩ3Ω3 = 0,
0 =f ′′3 +
8 tan2 xA5
µ cos4 x− sin2 x +
f3ω
2 sin4 x
(µ cos4 x− sin2 x)2 +
f ′1 − f ′2 + f ′4 + 4f ′5
cosx sin x
+
2(µ cos6 x+ µ cos4 x+ 3 cos2 x− 3)f ′3
cos x(µ cos4 x− sin2 x) sin x +
1
(µ cos4 x− sin2 x) cos2 x(4f2 cos
2 x
− 8 sin2 xf1 + (15 cos2 x− 19)f3) ,
(2.11)
from Gθθ = 0,
0 =f ′′4 +
(2µ cos6 x− µ cos4 x+ 3 cos2 x− 3)f ′4
cosx(µ cos4 x− sin2 x) sin x −
8 tan2 xA5
µ cos4 x− sin2 x
+
f4ω
2 sin4 x
(µ cos4 x− sin2 x)2 +
3 tan2 x(3f2 + 9f3 + 4f5 + 3f1 − 4f4)
µ cos4 x− sin2 x ,
(2.12)
5
from GΩ4Ω4 = 0 we obtain two ODEs,
0 =f ′′5 +
(2µ cos6 x− µ cos4 x+ 3 cos2 x− 3)f ′5
cosx(µ cos4 x− sin2 x) sin x −
8 tan2 xA5
µ cos4 x− sin2 x
+
f5ω
2 sin4 x
(µ cos4 x− sin2 x)2 +
3 tan2 x(3f1 + 3f2 + 9f3 − f4 + f5)
µ cos4 x− sin2 x ,
(2.13)
0 =f ′′5 +
(2µ cos6 x− µ cos4 x+ 3 cos2 x− 3)f ′5
cosx(µ cos4 x− sin2 x) sin x −
8 tan2 xA5
µ cos4 x− sin2 x
+
f5ω
2 sin4 x
(µ cos4 x− sin2 x)2 +
3 tan2 x(3f2 + 9f3 + 3f5 + 3f1 − 3f4)
µ cos4 x− sin2 x ,
(2.14)
from Gtx = 0,
0 =ω
[
f ′5 +
1
4
f ′4 +
3
4
f ′3 +
1
cosx(µ cos4 x− sin2 x) sin x +
(
3
4
(−µ cos4 x+ sin2 x)f2
+
(
3
2
µ cos4 x− 3
4
cos2 x sin2 x
)
f3 + (µ cos
4 x+ sin4 x)
(
f5 +
1
4
f4
))]
,
(2.15)
from Gtθ = 0 we obtain two ODEs,
0 =A4 +
ω sin x5(f2 + 3f3 + 4f5)
8 cos3 x(µ cos4 x− sin2 x) , (2.16)
0 =A4 +
ω sin x5(f2 + 3f3 + 8f5 − 4f4)
8 cos3 x(µ cos4 x− sin2 x) , (2.17)
from Gxθ = 0 we obtain two ODEs,
0 =f ′5 +
1
4
f ′1 +
3
4
f ′3 −
2 cos3 xA3
(µ cos4 x− sin2 x) sin x +
3f3
4 cosx sin x
− (µ cos
4 x+ cos4 x− 2 cos2 x+ 1)f1
4 sin x cosx(µ cos4 x− sin2 x) −
(2µ cos4 x− cos4 x+ 5 cos2 x− 4)f2
4(µ cos4 x− sin2 x) cosx sin x ,
(2.18)
0 =f ′5 +
1
8
f ′1 +
3
8
f ′3 −
1
2
f ′4 −
cos3 xA3
(µ cos4 x− sin2 x) sin x +
3f3
8 cosx sin x
− (µ cos
4 x+ cos4 x− 2 cos2 x+ 1)f1
8 sin x cosx(µ cos4 x− sin2 x) −
(2µ cos4 x− cos4 x+ 5 cos2 x− 4)f2
8(µ cos4 x− sin2 x) cosx sin x ,
(2.19)
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from (2.6),
0 =A′5 + f
′
4 − f ′1 − 3f ′3 − f ′2 + 4f ′5 −
5 cos3 xA3
(µ cos4 x− sin2 x) sin x , (2.20)
0 =A4 − ω sin
5 x(−f4 + f2 −A5 + 3f3 − 4f5 + f1)
5 cos3 x(µ cos4 x− sin2 x) , (2.21)
0 =A′4 +
sin4 xA3ω
(µ cos4 x− sin2 x)2 +
(2µ cos6 x− 7µ cos4 x+ 3 sin2 x)A4
(µ cos4 x− sin2 x) sin x cosx , (2.22)
0 =A′3 +
sin3 xA5
cos5 x
− A4ω . (2.23)
Note that in (2.15) we have kept the factor of ω — this will be important in what
follows.
3 Hubeny-Rangamani zero mode
To search for the zero mode, [8] set ω = 0 and obtained the solution of the resulting
equations. It is easy to verify that (2.9)-(2.14) and (2.16)-(2.23) are solved with
A3 = A4 = A5 = f4 = f5 = 0 ,
f3 = −1
3
f1 − 1
3
f2 ,
f1 = −tan x(µ cos
4 x− sin2 x)f ′2
2 cos2 xµ− sin2 x −
(3µ cos4 x− cos4 x+ 6 cos2 x− 5)f2
cos2 x(2 cos2 xµ− sin2 x) ,
0 = f ′′2 +
f ′2
cosx sin x(2 cos2 xµ− sin2 x)(µ cos4 x− sin2 x)
(
2µ(1 + 2µ) cos8 x
+ (6µ2 − 7µ− 2) cos6 x+ (27µ+ 11) cos4 x− (22µ+ 16) cos2 x+ 7
)
+
((34µ+ 7) cos4 x− (54µ+ 14) cos2 x+ 7)f2
cos2 x(2 cos2 xµ − sin2 x)(µ cos4 x− sin2 x) .
(3.1)
It is important to realize that (2.15) is consistent only because of the overall factor ω.
That is, note the combination in [· · · ] of (2.15) is inconsistent with the second order
equation for f2 in (3.1).
For an explicit comparison one can introduce r = L tanx and show that the second
order equation for f2 in (3.1) becomes identical to equation (4.8) in [8] (χ(r) ≡ f2(r))
with ℓ = 1. As a result, the zero frequency normalizable mode of (3.1) is precisely the
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one identified in HR. To contrast with the discussion in section 4 below, we proceed
with analysis of (3.1). We find it convenient to introduce
y =
r+
L tanx
=
ρ+
tanx
, ρ+ =
r+
L
, y ∈ [0, 1] ,
f2(y) = y
7F2(y) ,
(3.2)
where y → 0+ is the AdS boundary and z ≡ 1 − y → 0+ is the location of the
Schwarzschild horizon. In terms of the y coordinate we now have,
0 = F ′′2 +
(11y2 − 29y4 + 22y6 + ρ2+(44y6 − 29y4 − 6y2 + 7) + (22y6 − 6y2)ρ4+)F ′2
y(y2 − 1)(ρ2+ + (ρ2+ + 1)y2)(2(ρ2+ + 1)y2 − 1)
+
((42y4 + 16)ρ4+ + ρ
2
+(84y
4 − 55y2 + 16) + 42y4 − 55y2 + 21)F2
(ρ2+ + (ρ
2
+ + 1)y
2)(2(ρ2+ + 1)y
2 − 1)(y2 − 1) .
(3.3)
The UV indices of (3.3) are determined assuming F2 ∼ yn as y → 0:
yn−2 n(n+ 6) = 0 . (3.4)
Naively, the normalizable mode, n = 0, corresponds to a dimension-7 operator expec-
tation value of the boundary SYM and the mode with n = −6 is non-normalizable.
This is not the case however: from (3.1) notice that if f2 ∼ yn = y7 as y → 0,
f1 ∼ yn cos(x)−2 ∼ yn−2 = y5. The gauge invariant fluctuation would be a linear
combination of f1 and f2 modes, and thus would have a fall-off ∝ y5 corresponding to
a massive ℓ = 1 Kaluza-Klein graviton [10].
The appropriate boundary expansion in the UV takes form:
F2 = 1− 16ρ
2
+ + 16ρ
4
+ + 21
16ρ2+
y2 +O(y4) , (3.5)
where without loss of generality we normalized F2(y = 0) = 1. Near the horizon we
require a smooth solution, thus
F2 = f
0
2,h
(
1 +
29ρ2+ + 8
4(2ρ2+ + 1)
z +O(z2)
)
. (3.6)
We use a shooting method to numerically connect the UV (3.5) and the IR (3.6)
asymptotics of (3.3), tuning the two parameters ρ+ and f
0
2,h. We find
f 02,h ≃ 0.068027 , ρ+ ≃ 0.440234 , (3.7)
a result first obtained in [8].
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4 ℓ = 1 quasinormal modes
We now perform the standard quasinormal analysis of ℓ = 1 mode: we analyze (2.9)-
(2.23) for general ω. Consistency of (2.13) and (2.14) implies that
f5 = f4 . (4.1)
From (2.16) (or (2.17))
A4 = − ω sin
5 x(f2 + 3f3 + 4f4)
8 cos3 x(µ cos4 x− sin2 x) . (4.2)
Next, from (2.21),
A5 = f1 − 5
2
f4 +
13
8
f2 +
39
8
f3 . (4.3)
With a simple algebra, the remaining equations are reduced to a system of coupled
first-order equations for f1, f2, f3, f4, A3 :
0 = f ′1 +
sin5 x(3f3 + 5f4) cosx ω
2
8(µ cos4 x− sin2 x)2 −
5A3 cos
3 x
sin x(µ cos4 x− sin2 x)
− 1
8 sin x cosx(µ cos4 x− sin2 x)2
(
5µ cos4 x(µ cos4 x+ cos2 x− 1)f1 + (3 sin6 x
+ sin2 x cos4 x(3 cos2 x+ 5)µ− 8µ2 cos8 x)f2 + (3 sin6 x(cos2 x− 5)
− 6 sin2 x cos4 x(cos2 x+ 3)µ+ 21µ2 cos8 x)f3 + (5 sin6 x(cos2 x− 4)
− 5 sin2 x cos4 x(cos2 x+ 6)µ+ 30µ2 cos8 x)f4
)
,
(4.4)
0 = f ′2 −
5A3 cos
3 x
sin x(µ cos4 x+ cos2 x− 1) +
sin5 x(3f3 + 5f4) cosx ω
2
8(µ cos4 x+ cos2 x− 1)2
+
1
8 sinx cos x(µ cos4 x+ cos2 x− 1)2
(
(−8 sin6 x− sin2 x cos4 x(8 cos2 x− 5)µ
+ 3µ2 cos8 x)f1 + (− sin4 x(5 cos2 x− 29) + sin2 x cos4 x(5 cos2 x− 53)µ
+ 24µ2 cos8 x)f2 + (−9 + 30 cos4 x+ 3 cos8 x− 24 cos6 x+ 6 sin2 x cos4 x(cos2 x
+ 11)µ− 45µ2 cos8 x)f3 + (−5 sin6 x(cos2 x− 4) + 5 sin2 x cos4 x(cos2 x+ 6)µ
− 30µ2 cos8 x)f4
)
,
(4.5)
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0 = f ′3 −
5A3 cos
3 x
sin x(µ cos4 x+ cos2 x− 1) −
5 sin5 x(3f3 + 5f4) cosx ω
2
24(µ cos4 x+ cos2 x− 1)2
− 1
24 sin x cosx(µ cos4 x+ cos2 x− 1)2
(
(−40 sin6 x− 5 sin2 x cos4 x(8 cos2 x− 5)µ
+ 15µ2 cos8 x)f1 + (− sin4 x(25 cos2 x− 49) + sin2 x cos4 x(25 cos2 x− 73)µ
+ 24µ2 cos8 x)f2 + (3 sin
4 x(5 cos4 x+ 2 cos2 x− 15)− 6 sin2 x cos4 x(11 cos2 x− 23)µ
− 33µ2 cos8 x)f3 + (−5 sin6 x(5 cos2 x+ 12)− 15 sin2 x cos4 x(9 cos2 x− 10)µ
+ 10µ2 cos8 x)f4
)
,
(4.6)
0 = f ′4 +
3A3 cos
3 x
sin x(µ cos4 x+ cos2 x− 1) +
sin5 x(3f3 + 5f4) cosx ω
2
8(µ cos4 x+ cos2 x− 1)2
+
1
8 sin x cosx(µ cos4 x+ cos2 x− 1)2
(
(−8 sin6 x− sin2 x cos4 x(8 cos2 x− 5)µ
+ 3µ2 cos8 x)f1 + (5 sin
6 x− 5 sin4 x cos4 xµ)f2 + (−3 sin6 x(cos2 x+ 3)
+ 18 sin4 x cos4 xµ+ 3µ2 cos8 x)f3 + (−5 sin6 x(cos2 x+ 4)− 5 sin2 x cos4 x(7 cos2 x
− 6)µ+ 10µ2 cos8 x)f4
)
,
(4.7)
0 = A′3 +
sin5 x(f2 + 3f3 + 4f4)ω
2
8 cos3 x(µ cos4 x+ cos2 x− 1) +
sin3 x(8f1 + 39f3 − 20f4 + 13f2)
8 cos5 x
. (4.8)
We can further algebraically eliminate f1, f2 and A3 from (4.4)-(4.8). Using the radial
coordinate y as in (3.2), we obtain a system of coupled ODEs for f3 and f4:
0 = f ′′4 − ρ2+
(
ρ2+y
4 + ρ2+ + y
4
)
−1
f ′′3 + (8ρ
2
+y
4 + 7ρ2+ + 8y
4 − 3y2)ρ2+y−1(−y2 + y4 − ρ2+
+ ρ2+y
4)−1(ρ2+y
4 + ρ2+ + y
4)−1f ′3 +
1
3
(3ρ4+y
8 + 57ρ4+y
4 + 59ρ4+ + 6ρ
2
+y
8 + 3ρ2+y
6
+ 57ρ2+y
4 − 7ρ2+y2 + 3y8 + 3y6)y−1(−y2 + y4 − ρ2+ + ρ2+y4)−1(ρ2+y4 + ρ2+ + y4)−1f ′4
− (21ρ4+y8 + 52ρ4+y4 − 35ρ4+ + 42ρ2+y8 − 14ρ2+y6 + 52ρ2+y4 − 47ρ2+y2 + y2ω2ρ2+ + 21y8
− 14y6)ρ2+(−y2 + y4 − ρ2+ + ρ2+y4)−2(ρ2+y4 + ρ2+ + y4)−1y−2f3 +
1
3
(30ρ4+y
8 − 35ρ4+y4
− 185ρ4+ + 60ρ2+y8 + 3ρ2+y6ω2 − 65ρ2+y6 − 35ρ2+y4 − 125ρ2+y2 + 3y2ω2ρ2+ + 30y8
+ 3y6ω2 − 65y6)ρ2+f4(−y2 + y4 − ρ2+ + ρ2+y4)−2(ρ2+y4 + ρ2+ + y4)−1y−2 ,
(4.9)
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0 = f ′′′3 −
1
3
(6ρ4+y
8 + 27ρ4+y
4 + 50ρ4+ + 12ρ
2
+y
8 − 9ρ2+y6 + 27ρ2+y4 − 7ρ2+y2 + 6y8
− 9y6)y−1(−y6 + y8 − ρ2+y2 − ρ2+y6 + 2ρ2+y8 − ρ4+ + ρ4+y8)−1f ′′3 +
1
3
(−12ρ6+y12
+ 330ρ6+y
8 + 538ρ6+y
4 + 167ρ6+ − 36ρ4+y12 + 9y10ρ4+ + 660ρ4+y8 + 3y6ω2ρ4+ − 188ρ4+y6
+ 538ρ4+y
4 − 286ρ4+y2 + 3ρ4+y2ω2 − 36ρ2+y12 + 18ρ2+y10 + 339ρ2+y8 + 3ρ2+y6ω2
− 188ρ2+y6 + 3ρ2+y4 − 12y12 + 9y10 + 9y8)y−2(−2y6 − 2ρ2+y4 + 2ρ2+y8 + ρ4+y8 + y8
− 2ρ2+y6 − 2ρ4+y4 + 2ρ2+y2 + ρ4+ + y4)−1(ρ2+y4 + ρ2+ + y4)−1f ′3 +
5
9
(318ρ6+y
8 + 759ρ6+y
4
+ 470ρ6+ + 24y
10ρ4+ + 636ρ
4
+y
8 − 48ρ4+y6 + 759ρ4+y4 − 128ρ4+y2 + 48ρ2+y10 + 318ρ2+y8
− 48ρ2+y6 − 4ρ2+y4 + 24y10)y−2(ρ2+y4 + ρ2+ + y4)−1(−y2 + y4 − ρ2+ + ρ2+y4)2)−1f ′4
− 1
3
(24y6ω2ρ4+ − 12y8ω2ρ2+ − 10y4ω2ρ4+ + 38y2ω2ρ6+ − 1550ρ6+y6 − 1550ρ4+y6
− 1365ρ6+y10 + 470ρ4+y4 + 3132ρ4+y12 − 2730y10ρ4+ + 1044ρ2+y12 − 1365ρ2+y10
+ 1304ρ6+y
4 + 3132ρ6+y
12 + 1304y4ρ8+ + 1044y
12ρ8+ + 36y
14ρ4+ + 12y
14ρ6+ + 36y
14ρ2+
+ 3198ρ6+y
8 + 2135ρ4+y
8 + 15ρ6+y
10ω2 + 12y14 − 1165ρ8+ − 1262ρ6+y2 + 536ρ2+y8
+ 30y10ω2ρ4+ − 12y8ω2ρ4+ + 15ρ2+ω2y10 + 24y6ω2ρ6+ + 1599ρ8+y8)(−y2 + y4 − ρ2+
+ ρ2+y
4)−3(ρ2+y
4 + ρ2+ + y
4)−1y−3f3 +
5
9
(39y6ω2ρ4+ − 6y8ω2ρ2+ − 6y4ω2ρ4+ + 21y2ω2ρ6+
− 655ρ6+y6 − 655ρ4+y6 − 660ρ6+y10 + 250ρ4+y4 + 513ρ4+y12 − 1320y10ρ4+ + 171ρ2+y12
− 660ρ2+y10 − 1214ρ6+y4 + 513ρ6+y12 − 1214y4ρ8+ + 171y12ρ8+
− 36y14ρ4+ − 12y14ρ6+ − 36y14ρ2+ − 1038ρ6+y8 − 245ρ4+y8 + 18ρ6+y10ω2 − 12y14
− 1220ρ8+ − 403ρ6+y2 + 274ρ2+y8 + 36y10ω2ρ4+ − 6y8ω2ρ4+ + 18ρ2+ω2y10 + 39y6ω2ρ6+
− 519ρ8+y8)(−y2 + y4 − ρ2+ + ρ2+y4)−3(ρ2+y4 + ρ2+ + y4)−1y−3f4 .
(4.10)
To determine the UV indices of (4.9) and (4.10) we substitute f3 ∼ s3yn , f4 ∼ s4yn.
Requiring nontrivial solution as y → 0+ determines the 5 indices of (4.9) and (4.10) in
the UV:
(n− 5)(n+ 5)(n− 9)(n+ 1)2 = 0 . (4.11)
Note that there are two independent normalizable modes in the UV: one associated
with the expectation value of the dimension-5 operator, and the other one is associated
with the dimension-9 operator.
To determine the IR indices of (4.9) and (4.10) we substitute f3 ∼ q3(1− y)n , f4 ∼
q4(1− y)n. Requiring nontrivial solution as z = (1− y)→ 0+ determines the 5 indices
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of (4.9) and (4.10) in the IR:
0 = (1− 2n)
(( ω
4πT
)2
+ n2
)(( ω
4πT
)2
+ (n− 1)2
)
,
T =
2ρ2+ + 1
2πρ+
,
(4.12)
where T is the black hole temperature. Thus, near the horizon we have (we assume
Re(w) ≥ 0):
2 incoming modes:
n = −i ω
4πT
, n = 1− i ω
4πT
, (4.13)
2 outgoing modes:
n = +i
ω
4πT
, n = 1 + i
ω
4πT
, (4.14)
and 1 “localized” mode:
n =
1
2
. (4.15)
To determine the spectrum of the quasinormal modes we require that f3 and f4
radial wavefunctions are normalizable near the AdS boundary and are either incoming
or localized at the horizon. Assuming that4 the quasinormal mode is purely dissipative
(or unstable),
Re(ω) = 0 , Im(ω) = −ig , (4.16)
we have the following asymptotic expansion in the UV,
f3 = y
5(1− y)−iω/(4πT )
(
1− 1
2
ρ+g
y
2ρ2+ + 1
+
(
−83
56
ρ2+ −
83
224ρ2+
− 83
56
+
(
−1
4
ρ+
− 1
2
ρ3+
)
g +
(
5
14
ρ2+ +
13
224ρ2+
+
13
56
)
g2
)(
y
2ρ2+ + 1
)2
+
((
83
448ρ+
+
25
336
ρ3+ −
2
3
ρ5+
+
193
336
ρ+
)
g +
(
1
8
ρ2+ +
1
4
ρ4+
)
g2 +
(
− 23
168
ρ3+ −
13
448ρ+
− 13
112
ρ+
)
g3
)(
y
2ρ2+ + 1
)3
+ f3,4y
4 +O(y5) ,
)
(4.17)
4This is validated by our finding of solutions from the followup computations.
12
f4 = y
5(1− y)−iω/(4πT )
(
−1
7
+
1
14
ρ+g
y
2ρ2+ + 1
+
(
29
56
ρ2+ +
29
224ρ2+
+
29
56
+
(
1
14
ρ3+
+
1
28
ρ+
)
g +
(
− 1
14
ρ2+ −
3
56
− 3
224ρ2+
)
g2
)(
y
2ρ2+ + 1
)2
+
((
− 55
336
ρ3+ +
2
21
ρ5+
− 29
448ρ+
− 79
336
ρ+
)
g +
(
− 1
28
ρ4+ −
1
56
ρ2+
)
g2 +
(
3
112
ρ+ +
3
448ρ+
+
5
168
ρ3+
)
g3
)
×
(
y
2ρ2+ + 1
)3
+
(
−1448
875
ρ2+ −
492
125
ρ4+ +
13
500ρ4+
+
114
875ρ2+
− 3264
875
ρ6+ −
24
5
f3,4ρ
2
+
− 72
5
ρ4+f3,4 −
96
5
ρ6+f3,4 −
48
5
ρ8+f3,4 −
3
5
f3,4 − 1088
875
ρ8+ −
66
875
+
(
23
280
ρ+ +
13
560ρ+
− 1
2
ρ5+ −
16
35
ρ7+ −
9
140
ρ3+
)
g +
(
22
105
ρ6+ −
2567
4200
ρ2+ −
27
1400ρ4+
− 611
4200
ρ4+ −
2657
5600
− 27
175ρ2+
)
g2 +
(
− 3
560ρ+
− 11
140
ρ3+ −
9
280
ρ+ − 1
14
ρ5+
)
g3 +
(
3
7000ρ4+
+
197
10500
ρ4+
+
171
7000
ρ2+ +
3
875ρ2+
+
363
28000
)
g4
)(
y
2ρ2+ + 1
)4
+O(y5)
)
,
(4.18)
where without loss of the generality we have fixed the coefficient of the leading asymp-
tote of f3 to be 1. In the IR we have,
f3 = (1− z)5z−iω/(4πT )
(
f3,b,0 + f3,b,1z +O(z2)
)
+ (1− z)5z1/2f3,a,0
(
1 +O(z)
)
,
(4.19)
f4 = (1− z)5z−iω/(4πT )
(
−3
5
f3,b,0 +
3
5
((
(6ρ4+ + 5ρ
2
+)g
2 + (−72ρ3+ − 68ρ5+ − 19ρ+)g
+ 20 + 520ρ6+ + 600ρ
4
+ + 210ρ
2
+
)
f3,b,0 +
(
(−5ρ3+ − 10ρ5+)g + 5ρ2+ + 20ρ6+
+ 20ρ4+
)
f3,b,1
)
(13ρ2+ + 4)
−1(ρ+g − 1− 2ρ2+)−1(2ρ2+ + 1)−1 z +O(z2)
)
+ (1− z)5z1/2f3,a,0
(
ρ2+
2ρ2+ + 1
+O(z)
)
.
(4.20)
In (4.17)-(4.20) we presented terms only to the order necessary to demonstrate the
dependence on all the coefficients5:
{g , f3,4 , f3,a,0 , f3,b,0 , f3,b,1 } . (4.21)
5To ensure accuracy, in the numerical analysis we have kept further terms in the asymptotic
expansions.
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Figure 1: The dependence of the g = −Im(ω) as a function of ρ+ = r+L for ℓ = 1
fluctuations of SO(6) symmetric black holes in AdS5 × S5. Black holes with g < 0 are
unstable with respect to condensation of these fluctuations.
Notice that we have 5 integration constants (4.21)— precisely the number needed to
uniquely identify the solution of one second order (4.9) and one third order (4.10)
equation, given the value of ρ+.
We can use the shooting method of [9] to compute g(ρ+). The results of the
computations are presented in figure 1. The left panel represents the dependence of
the g = −Im(ω) as a function of ρ+ = r+L . Black holes with g > 0 are stable, while
the black holes with g < 0 are unstable with respect to the condensation of ℓ = 1
fluctuations discussed in this section. The right panel shows the transition region. We
find that
Im(w(ρ+)) = 0 ⇐⇒ ρ+ ≃ 0.440234 , (4.22)
which, to six significant digits, coincides with the location of the HR zero mode (3.7).
5 Higher-ℓ quasinormal modes
In the previous section we demonstrated that the ℓ = 1 quasinormal mode becomes
unstable for sufficiently small black hole, see (4.22). Here, we argue that higher-ℓ
quasinormal modes do not affect such conclusion. Further, we reveal that the leading
instability is indeed due to the ℓ = 1 mode.
Rather than generalizing the analysis of section 4 for ℓ > 1 quasinormal modes,
we present an alternative computation of the spectrum. We choose the ‘transverse-
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Figure 2: Left panel: the dependence of the g = −Im(ω) as a function of ρ+ = r+L
for ℓ = {1, 2, 3} (solid lines: black/red/green) fluctuations of SO(6) symmetric black
holes in AdS5×S5 in transverse-traceless gauge. The dashed blue line represents ℓ = 1
results of figure 1 obtained in a ’diagonal’ gauge (2.2). Black holes with g < 0 are
unstable with respect to condensation of these fluctuations — the leading instability is
due to ℓ = 1 mode. Right panel: the critical values of ρ2+ (blue dots) at which higher
s = ℓ(ℓ + 4) quasinormal modes become unstable. The solid red line is the fit to the
data, see (5.6).
traceless’ gauge (TT) for the fluctuations:
c1 =
L
√
a(x)
cosx
(
1 + ǫf1(x)Yℓ(θ)e
−iωt
)
, c2 =
L√
a(x) cosx
(
1 + ǫf2(x)Yℓ(θ)e
−iωt
)
,
c3 = L tan x
(
1− 1
3
ǫ(f1(x) + f2(x))Yℓ(θ)e
−iωt
)
, gtx = ǫftx(x)Yℓ(θ)e
−iωt ,
(5.1)
where Yℓ are the S
5-spherical harmonics,
∆S5Yℓ ≡ −s Yℓ = −ℓ(ℓ+ 4)Yℓ . (5.2)
The benefit of the TT gauge (5.1) is that it is consistent to set all the other fluctua-
tions of the metric and the 5-form to zero6. Furthermore, f1 and f2 can be algebraically
expressed in terms of ftx and its derivative f
′
tx. The latter function satisfies the follow-
6We are indebted to Jorge Santos for pointing this to us. We also explicitly verified this.
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ing second order ODE:
0 = f ′′tx + (y(ρ
4
+y
8 + 2ρ2+y
8 + 6ρ4+y
4 + 6ρ2+y
4 − 3ρ4+ + y8 + ρ4+y4s+ ρ2+y4s− 4ρ2+y2
− ρ2+y2s− ρ4+s+ ω2ρ2+y2)(ρ2+y2 + ρ2+ + y2)(ρ2+ + y2)(y2 − 1))−1(ρ2+(y2 − 1)(ρ2+y2
+ ρ2+ + y
2)(7ρ4+y
4 + ρ4+ + 3ρ
2
+y
6 + 7ρ2+y
4 + 2ρ2+y
2 + 3y6 + y4)s+ ρ2+y
2(9ρ4+y
4 + 3ρ4+
+ 5ρ2+y
6 + 9ρ2+y
4 + 4ρ2+y
2 + 5y6 + y4)ω2 + (−1− 3ρ4+ − ρ6+ − 3ρ2+)y14 + (17ρ2+ + 3ρ8+
+ 7 + 16ρ4+ + 9ρ
6
+)y
12 + (34ρ2+ + 34ρ
6
+ + 68ρ
4
+)y
10 + (51ρ8+ + 49ρ
4
+ − 2ρ2+ + 102ρ6+)y8
+ (−9ρ6+ − 9ρ4+ − 4ρ2+)y6 + (−3ρ8+ − 3ρ6+ − 13ρ4+)y4 − 12ρ6+y2 − 3ρ8+)f ′tx + ((y2 − 1)2
(ρ4+y
8 + 2ρ2+y
8 + 6ρ4+y
4 + 6ρ2+y
4 − 3ρ4+ + y8 + ρ4+y4s+ ρ2+y4s− 4ρ2+y2 − ρ2+y2s
− ρ4+s+ ω2ρ2+y2)(ρ2+y2 + ρ2+ + y2)2(ρ2+ + y2)2y2)−1((ρ8+ + 4ρ2+ + 6ρ4+ + 1 + 4ρ6+)y20
+ (−42ρ2+ − 60ρ4+ − 24ρ8+ − 12− 6ρ10+ − 48ρ6+)y18 + (4ρ10+ − 128ρ6+ − 6ρ2+s− 116ρ4+
+ ρ12+ − 18ρ4+s− 38ρ8+ − 18ρ6+s− 14ρ2+ − 6ρ8+s+ 15)y16 + (−168ρ8+ − 58ρ6+ + 164ρ4+
+ 110ρ2+ − 56ρ10+ + 16ρ4+s+ 14ρ2+s− 36ρ8+s− 22ρ6+s− 12ρ10+ s+ 2ω2ρ6+ + 4ω2ρ4+
+ 2ω2ρ2+)y
14 + (309ρ8+ + 498ρ
6
+ + 207ρ
4
+ − 30ρ2+ + 72ρ10+ + 24ρ12+ + 31ρ4+s+ 2ρ12+ s
− 11ρ2+s+ 48ρ8+s+ 86ρ6+s+ 6ρ10+ s+ 16ω2ρ6+ + 14ω2ρ4+ + 8ω2ρ8+ + 6ω2ρ2+ + ρ4+s2
+ ρ8+s
2 + 2ρ6+s
2)y12 + (280ρ8+ + 52ρ
6
+ − 88ρ4+ + 12ρ2+ + 140ρ10+ − 46ρ4+s+ 3ρ2+s
+ 52ρ8+s− 20ρ6+s+ 26ρ10+ s + 42ω2ρ6+ + 28ω2ρ4+ + 14ω2ρ10+ + 28ω2ρ8+ − 3ω2ρ2+ − 2ρ4+s2
+ 2ρ10+ s
2 + 4ρ8+s
2 + 2ω2ρ6+s+ 2ω
2ρ4+s)y
10 + (−52ρ8+ − 58ρ6+ + 51ρ4+ + 12ρ10+ + 6ρ12+
+ 17ρ4+s+ ρ
12
+ s
2 − 2ρ12+ s− 67ρ8+s− 65ρ6+s− 4ρ10+ s+ 34ω2ρ6+ − 16ω2ρ4+ + 34ω2ρ8+
+ ρ4+s
2 + 2ρ10+ s
2 − 5ρ8+s2 − 6ρ6+s2 + ω4ρ4+ + 4ω2ρ8+s+ 4ω2ρ6+s− 2ω2ρ4+s)y8 + (24ρ8+
+ 90ρ6+ + 24ρ
10
+ − 36ρ8+s+ 39ρ6+s− 36ρ10+ s− 29ω2ρ6+ + 12ω2ρ10+ + 12ω2ρ8+
− 6ρ10+ s2 − 6ρ8+s2 + 4ρ6+s2 + 2ω4ρ6+ + 2ω2ρ10+ s+ 2ω2ρ8+s− 6ω2ρ6+s)y6 + (84ρ8+ + 24ρ10+
+ 24ρ12+ − 2ρ12+ s2 − 6ρ12+ s+ 45ρ8+s− 6ρ10+ s− 22ω2ρ8+ − 2ρ10+ s2 + 6ρ8+s2 + ω4ρ8+
− 6ω2ρ8+s)y4 + (42ρ10+ + 26ρ10+ s− 6ω2ρ10+ + 4ρ10+ s2 − 2ω2ρ10+ s)y2 + (s+ 3)2ρ12+ )ftx .
(5.3)
where we used the radial coordinate y as in (3.2). Further introducing
ftx = y
ℓ+3(1− y)−iω/(4πT )−1Ftx , (5.4)
the quasinormal spectra for different ℓ are determined solving (5.3) with the boundary
conditions
lim
y→0+
Ftx = finite , lim
y→1
−
Ftx = 1 . (5.5)
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The quasinormal spectra for ℓ = {1, 2, 3} are presented in figure 2 (left panel) as solid
black/red/green lines. The dashed blue line represents ℓ = 1 spectrum in a ’diagonal
gauge’ (2.2). The ℓ = 1 mode is the first one to go unstable as the size of the black
hole is decreased.
Both the equation (5.3) and the asymptotic expansions resulting from the boundary
conditions (5.5) are smooth in the limit ω → 0. Thus, we can directly determine the
critical values ρ2+ when the higher harmonics s = ℓ(ℓ+4) become unstable. The results
of such analysis are shown as blue dots in figure 2 (right panel), and are collected in
the table:
ℓ 1 2 3 4 5
ρ2+ 0.440234 0.323890 0.257042 0.213323 0.182412
ℓ 6 7 8 9 10
ρ2+ 0.159369 0.141516 0.127273 0.115641 0.105962
The solid red line in the right panel of figure 2 is the fit to the data:
ρ2+
∣∣∣∣
fit
=
1.60892
s
− 5.35936
s2
+
16.1219
s3
− 26.6116
s4
+O(s−5) . (5.6)
In leading 1
s
dependence of ρ2+ in (5.6) can be independently verified as follows. Intro-
ducing
ρ2+ =
q0
s
+O(s−2) , (5.7)
the ω = 0 equation (5.3) to leading order in 1
s
takes form:
0 = f ′′tx + (y(y
2 − 1)(y6 + q0y2 − q0))−1(−y8 + 7y6 + 3q0y4 − 2q0y2 − q0)f ′tx
+ ((y6 + q0y
2 − q0)(y2 − 1)2y4)−1(y12 − 12y10 − 6q0y8 + 15y8 + 14q0y6 + q20y4
− 11q0y4 − 2q20y2 + 3q0y2 + q20)ftx .
(5.8)
Because of the explicit linear dependence on ℓ in the y → 0+ limit, ftx ∝ yℓ (5.4), the
ℓ→∞ limit of the y → 0+ boundary condition is modified to an essential singularity
in (5.8):
ftx ∝ exp
(
±
√
q0
y
)
. (5.9)
Introducing
ftx = exp
(
−
√
q0
y
)
(1− y)−1Ftx , (5.10)
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the boundary conditions for Ftx are kept as in (5.5). Solving the resulting ODE we
find
q0 = 1.61015 , (5.11)
in excellent agreement with the leading 1
s
factor in the fit (5.6).
Although the near-boundary fall-off of the fxt is ∝ yℓ+3 (5.5), f1 ∝ yℓ+4, which
implies that the dual SYM operator is of dimension ∆ = ℓ+4. Of course, the UV indices
of the radial profiles of the quasinormal modes provide only a suggestive identification of
the unstable modes with the operators of the dual N = 4 SYM. A precise identification
requires a complete holographic discussion along the lines of [11]. Such analysis are
beyond the scope of this paper7. Note however that the instability of small black
holes is clearly due to a massive Kaluza-Klein graviton — this is particularly clear in
the TT gauge where the 5-form modes are not exited. A simple analysis show that
a massless minimally coupled scalar (mimicking the 10-dimensional graviton) with an
angular momentum ℓ along the S5 has a radial profile with the fall-off ∝ yℓ+4 near the
boundary, corresponding to a dimension ∆ = ℓ + 4 operator of the dual SYM. This
observation is the primary reason of our identification of the instability on the CFT
side.
6 Conclusion
In this paper we computed the spectra of quasinormal modes, up to l = 10, of SO(6)
symmetric black holes in AdS5×S5. We showed that these black holes are in principle
subject to a GL-type instability once they become sufficiently small. The location
of the onset of GL instability coincides with the black hole size when the ℓ = 1 HR
zero mode becomes normalizable. (Modes with larger l require smaller black holes to
reach the instability onset). Having identified this possibility, one could speculate the
behavior of the instability by analogy to black strings subject to the GL instability [7].
There, the separatrix between stable and unstable black strings is identified precisely
by a zero mode. Furthermore, in the unstable regime, as shown in [12, 13] a self-
similar behavior ensues indicating that within a finite affine-time a horizon pinch-off
reveals a naked singularity. If an analog behavior were to take place in AdS5 × S5, it
would imply that naked singularities can naturally develop in gravitational theories.
And, through holography, it would open a venue to understand such development from
7See [4] for a relevant discussion.
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the perspective of non-gravitational quantum field theories. Whether this behavior is
indeed realized awaits future inspection.
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